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Abstract
Distribution Extents(DE) of order k for a sample {x, x,, € .} ofka nonnegative
stochastic variable X can be defined as
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and are useful measurésra number of Al arge vakreeesod i n th
introduced by Timo Koski and Lagsrik Persson in 2003 [1], who generalized results of

L.L. Campbell [2], and are generalization of inverse Herfinddildchman Index (HHI),

a commonl y accepted measur e of mar ket concer
diversity index used in ecology and are closely related to Shanemer Index and the

Rényi entropy and divergence.

In this work we describe general properties @f Bnd use it in analysis of a web
advertisement network, where actors are adverfigefslishers, and users, for three
purposes: 1) as cut off parameters to present the network as a graph to visualize the
network and to use graph theory methods 2) as independent variable in predictive
modeling, and 3) as a criterion for optimizatiorsome parameters of models.
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1. Introduction

A typical question in many data mining tasks is: .
We have n objects, characterized by a variahl&é’Q phcH8 € and numbeg is too
large to consider all objects.

For simplicity we suppose that & E @ .We need truncate data dropping small
objects and keeping in analysis only large object. What could be criteria to ehmgse
off parameteraw or threshold forw , if we are going to keep onlgp @ ?

How many large objestdo we have?

Examples:

Countries: How many countries with large population? With large GDP?
Enterprises: In wide use inverseHerfindahtHirschman Index (HHI), a commonly
accepted measure of market concentration in economids[8his casew - revenue,

n 5 - market shares:

HHI i o6& N
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InverseHHI=pTi 0 &) (1)

2. Properties of Inverse Herfindahl -Hirschman Index (HHI )
The inverse HHI has following practically important properties:
10 |l nver seHHI ) n:
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InverseHHI=n, when @ & E o (1b)
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Then InverseHHI & ¢ /| —— 2)
The last property?) is the mostmportant It shows that ifthe setw has & large
values andé small values, themverseHHI is a little bit larger thare

Similar statistics that is used in ecology iSa& mp s oersitysindek[4].

3. Generalization of Inverse Herfindahl -Hirschman Index

In (1) instead of power 2 we can use arbitrary k>0

B n = EMA h
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wheren w7B .

The second equation in (3) for ca8@e p is chosen to hav&® continuous at™Q p 8
Equations (3) defingeneralized exponential entrop) of order k for a sample {x
X2, € o} [}, that in special case k = 1 is ordinary exponential ent(Spgnnon index)
[5], and in special cask=2 we get ‘O = InverseHHI

We can interprefy as probabilities, e.g. in case of HHI, whgreare market shares of
enterprisesevenues, thg could be considered as probability that randomly chosen
dollar of revenue belongs to enterpri§e

In frame of the probability interpretationguations (3) defingeneralized exponential
entropy or distribution extentéDE) of order k for a probability distribution [1],

that in special case k = 1 is ordinary exponential entropy (Shannon index) [Sh and
special cask=2 wegetO =InverseHH| s o coul di dter in@unteido i
the sef{x 1, X,, € }. X

ltdés i mportant, that if nditeen ni danormaized o f
quantiles of empirical cumulative distribution function : 1, OFB wh®
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4. Properties of Distribution Extents (DE)
For an arbitraryk the properties (1), (2) take form:
1 WBOn:

%=1, when@ 'h@ mhE c¢B1 (4a)
%=n,when & @ E @ (4b)

Then %48 1 p /| — (5)

If O<k<m,then

— % % % % | (6)
Property (5) shows that as in special dase2, if the setw has¢ large values
and ¢ small values, then in reasonable assumptiovarseHHI is a little bit larger

than €

5. Relationship betweenDistribution Extents and Rényi entropy

The Rényi entropyd, 7 of orderk, where’Q 1hQ pis defined as

0 —1i8Bn) (7)

So

% Aope (8)



6. Examples.

Example 1DE for lognormal distrbution.
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Figure 1. Positions ofGEE 'O "Q¢ T -Iph-IcfB w wonreverse
quantile plot oflognormal distributed h'Q pfBp T

In this example we created sample of 1G@fhormaldistributed valueso , sorted them
in decreasing order, plotteds. index “Cand marked cubff points for values ‘O

-ph-hchB ww Forgiven kit ar ge x 0 a roming vertical referénce limeo r r e s p

Example 2. List of large countries (by population and GDP) for different choice of
parameterk.
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Population vs GDP by Country
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Figure 2. Positions% ATE® -hphchrfw w on quantile plot bPopulation
vs. GDP for major countries.

In list of large countries by population with given value of k are counivtdsh
symbols ardaying above correspaling horizontalsreference line on the pléig.1

In list of large countries bYGDP with given value of k are countriggich symbols are
laying wright ofcorrespondingerticalreference line on the pl&tg.2

Example3. Now consider distribution of populatioby urban agglomerations cities

using UN data for agglomerations witfopulation more than 75000(8]. For each
country that hasat least 5 cities, we calculat®E, ( inu mber of | arge
corresponding population thresholds fé=2 and k=99:
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We see that in both casp®ts have common characteristi€hina(Ch) has many large
citieswith smaller population in each of them, Ja&p) has very high concentration of
population in a few huge cities with, US, Indonesia Bnasilia are somewhere in the
middle.

Exampled4. UsageDE in web advertising network

We intensively use®E to analyze the Microsoft web advertising network of hundreds
millions users, advertisers, and publishers that have hierarchical structure and are linked
by page views, ad impressions, clicks, conversions and other characteristics that could be
approximaed as tripartite weighted graph with five types of edge weighte main
purpose of the analysis was community discovery for click fraud (collusion) detection.
We can not describe the algorithm in use
easier, so we provide here only general description of uB&g® the algorithms.

A. DE as a cut off parameters

DE as cut off parameters to present the network as a graguatpze andvisualize the
network and to use graph theory methods for click fraugctien.

Parameter k oDE can be used as adjustment parameter in modédlmg picture below
shows a fragment of the network graph with one type of edges, where threshold for the
edges weights were chosen @& with a high value of parameter ikkeepirg only

edges connecting nodes. with their Al argest

nei



Figure 4. A fragment of the network graph with one type of edges, where threshold
for the edges weights were chosen®& with a high value of parameter k



1) DEasan independent variable in predictive modeling.

If we have to create a predictive model for countries, then we can use DE from example 3
above apredictive variablesParameterk of DE can be used as adjustment parameter in
modelingin this case too. The optimal value for this parameter cdourel in proces of
crossvalidation by maximization of area under the lift curve, andher objective
function.

The following example illustrates usage of DElick fraud modeling

i extent.NC extent.F trendiweek cv main.DURL
227 12.239  -0.0403 0.3451  cooperatefinance.com

4 546 6.977 00114 06076  topairplay.com

2.349 4.408 0.0113 15730  goodsearch.com

3.604 9758 0.0103 0.7084  trainingtopic.com

3.082 5.096 -0.1361 0.3491  holidaysf.com

3.460 5249 00144 06814  companypetroleum.com

2.987 4.291 -0.1623 0.5622  idgeuk.com

13.156 13.989  0.0044 0.0204  facebook.com

1.112 6.269 0.0001 11995  autofinancecompanies-au.com

Figure 5. A fragment of a table with four predictive independent variables describing
time series for a set of domains.

Variablesextent.NCandextent.Fare time independemE giving number of large values

in time series of some other time dependent variables NC and F for a specified time
interval. The plot ofitime serieswhere variable NC corresponds to size of buhdad
variable F corresponds to the vertical axis, loak$ollowing:



Figure 6. Time Series, by Pudl

2) DE as a criterion for optimization
The third way of usagBE as a criterion for optimization of some parameters of models,
could be demonsited with following example.
When we do clustering af objects using ¥#means algorithm, we often get one huge
cluster and many very small cluste®:| @ @ , whered is a number of objects in
cluster’Q That does the result of clesing not very useful. Changing parameters of
clustering, e.g. adding other variables or changing similarity/distance function, we get
other variants of clustering. A good criterion to choose variant of clustering could be
maximizing value of DE for the ®ts @ .of numbers of objects in clusters
(characterizing number of @Al arge clusterso)
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